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Study of Distributions Having

Polynomial Hazard Function

By

Abdel-Razzag Ahmad Haza a Mugdadi

ABSTRACT
Bain (1974) studied the distributions having linear

hazard function h¢(t) = a + bt. He obtained the least squares

type estimates and also the maximum likelihood estimates of

the parameters a and b.

In this thesis we generalize the work of Bain. First we
study distributions having polynomial hazard function and
later we obtain the
least squares type estimates and also the maximum likelihood
estimates of the different parameters. In most of the
cases studied no analytic formula could be obtained for
the mean and the variance of these estimates. Therefore, we

did simulation investigations to study the bias and the wmean

squares error of these estimates.-

In particular, we study the distributions having power

hazard function h(t> = atk.
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CHAPTER ONE

Introduction
In this chapter we introduce the concept of the
reliability function of a unit and also the associated hazard
function. Later we discuss some distribution functions and

the associated hazard functions.

1.1 Reliability and the Hazard Function

The application of statistical reasoning to certain
engineering problems gave birth in 1940 to the concept of
reliability. The reliability of any unit at time t {under
given conditions) is the probability that the unit has been

working without failure in the interval of time [0, tD.

Assume that the distribution function of the life T of &
unit at time t is F(td. It is clear that the life of a unit
is a non-negative number and therefore F(t> = 0 for t = 0. It
follows that the corresponding derived function viz, the
density fqnction f(t2> and the hazard funqtinn h{t> <(to be
defined later) will also be =zero for t = O Therefore,

throughout the thesis, we shall write the different functions

for t > 0 only.

From the definition given earlier, it follows that the

reliability function R(t) of the unit at time t is given by

-t
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RC(LY = PCT > 5

= 1 - FCL) L>0 €1.1.1)

Assume that the distribution function FCLo is
differentiable with respect to t (a condition that is

satisfied in most applications)>. Ve define a new function

d
-  FCL2
dt

hCt>

1 - F{

d
— R(LD
dt
= - t >0 : €1.1.2

E(LD

The function h(t> is called the hazard function of - the
unit at time t. It gives the instantanecus rate of failure of.
.Lhe unit at time t knowing that is was working in the
iﬁterval [0,t). Furthermore, from €1.1.1> and (1.1.23 it

follws that
t

1 - exp| - Ih(x) dx €1.1.3
o

FoL2

1.7 Some Distribution Funclion=s & Associated Hazard Functiion

a. Exponential Distribution

The wellknown and most used hazard function is the
constant. function
h{t» = a , a >0, t>0

Using €1.1.3) we obtain the corresponding distribu-—

- 2 -
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tion function as
Fce) m1-e3 | a>0,t>0 €1.2.1)
This is the exponential distribution function. The
corresponding density function £(t> is given by

rcey =ae@ . a>o0,t>0 €1.2.2

¥eibull Distribution

The second most used distribution for the life of an

item is known as ¥Weibull distribution which is given by
P

FCty = 1 - exp[ - — ] , p>0, a>0,t>0
a

Therefore, the corresponding hazard function is

hCLy =

p p-1
-t . p >0, a> 0, t2>0
= |

and the density function is

p p-i t.P
Ly = ~t exp] — - , P>0, a>»0, t2>0 1.2.2>
a a
In €(1.2.2) if we take P = 1 then we obtain the
exponential distribution. Also, if we take P = 2 in

1.2.2) then we obtain

2t 2
f(t) = — exp] — — ’ a>0, Lt>0
a a

which is the density function of the Rayleigh distribu-
tion, Obviously, the hazard function of the Rayvleigh

distribution is given by
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h(ty =

2t ,
— |, a>o0,t>o0
a

1.3 Lileralure

The Lliterature on the hazard funtions and the

corresponding life distribution functions is very large. For
this purpose one can refer to the well known books on this
subject and the bibliographies in these bnnks: Some good
references are given below.

1. Bain, L.J. ¢1978>. "Statistical Analysis of Reliability

and Life Testing Models™. Marcel Deckker Inc., New York

»

and Basel.

2. Kalbfleisch, J.D. and Prentice, R.L. (1980). “Ihe
Statistical Apalysis of Failure Time Data”. John ¥iley and
Sons, New York.

3. Mann, N.R, Schafer, R.E. and Singpurwalla, N.D. (19742,
"Methods for Statistical Analysis of Reliability and Life
Data'., John ¥iley and Sons, New York.

4. Sinha, S.K. (1986>. "Reliability and Life Testing™. |John
Wiley and Sons, New York.

The necessary part of the literature will be described

in detail in the respective chapters of this thesis.

1.4 Summary

In Chapter Two we introduce’ the general polynomial
hazard function. First we discuss the estimation of the
parameters by least squares type method.

.._4__
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The linear hazard function h(t> = a + bt has been

discussed in detail by Bain (1974) and he also obtained the
least squares type estimates of a and bh. Later in the paper
he obtained the maximum likelihood estimates of the para-

meters and also the asymptotic covariahce matrix. He didnot
discuss the bias of the estimates. In the absence of analy-
tical formulae we investigate these properties uéing simula-
tion for the maximum likelihood estimates of the parameters

in Chapter Two and Chapter Three,.

.

The power hazard function h{td = aLk is discussed in

three cases: (i) a is the parameter and k is kpown, (ii) k is
the parameter and a is known, and <Ciiid a and k are
parameters. In Chapter Two we obtain the least squares tLype
estimates for each of the above three cases. In Chapter Three
we obtain the maximum likelihood estimates for each of the

three cases.

In case (i) the mean and the variance of the estimates
‘are well known. For the cases (ii> and (iii) we have no
knowledge about the mean and the variance of the estimates.
In order to obtain some knowledge about these properties we
make simulation. From these simulations we obtain the mean
bias and the mean squares error. Our conclusions will Dbe
"given after the description of the respective simulations in

Chapters Two and Three.
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CHAPTER THO
Least Squares Type Estimation
In this chapter we describe briefly in section (2.1) the
general polynomial hazard function and obtain the estimates
of the parameters by least squares type method using censored
and complete samples. In case of the linear hazard function
the results obtained by Bain (19743 are described in section
¢2.1Y. Finally, we find the leasi squares tLype estimates of
the parameters in the power hazard function and the results

of a simulation study are described in section (2.2).

2.1 Polynomial Hazard Function

Suppose that we have the k—th degree polynomial hazard

function
4 k
h(t) - ao + aitn + ) + akto (2.1.1)

xhere the parameters apg, A4, - a, are real numbers.

Using equation (1.1.3) we have

altz aktk+1
F(L,0> = 1 — exp|(-ast + + .. A —m— ], t >0 C2.4.2)
2 k+1
where @ = (ao, ag, - ak).
Let t,, ..., t. denote the smallest r observations in a

random sample of size n from the density function having the

hazard function ¢(2.1.1). Estimate of the vector parameter ©O

- -
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may be obtained by minimizing over the parameter space the
s5um
r 2
2 [Ln(i-F(Li,G)) - 4£n E(i—F(ti,G))] (2.1.3
i=1
From €2.1.2) it follows that
A .2 Tk Lkl
—£n[1—F(ti,e)] = aot1 + ==ty o+ + — Li (2.1.4>
2 k+1
and
i
LnEC1-FCL, 03> = £nC1-EFCL;, 0> = -{n[i ~ ...._] o i=1, ..., r
n+i
i
because EF(ti,G) = .
n+1
Using the notation H(L,, 8 = —ni1-F(L,, 631, and
{i = -{n(l—EF{Li,G)), i=1,...,r, €2.1.3> can be w»ritten as
c 2
S [H(Li,e) - & ] €2.1.5
i=1
It is clear that (2.1.5) will be minimized 1if we take
H(Li,e) = &y i=1, ..., r.
This leads to a system of linear equations which in
matrix notation can be written as
¥ =X60
where
2 k+1
tl t t’i * - 1‘1
£ 2 Tk+1
T t LT PR tr
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and

Ao

?1/2

Fk/Ck+1)
1r xx~1 exists then the estimate 8 of 6 is given by
8=x0tx ¢ 2.1.6
The estimate & cobtained is called a least équares type

aof o,

A very important special case of the polynomial hazard
function is the linear hazard function given by. h(t)=ao+ait.
As mentioned earlier, this case has been studied by Bain
€1974>. Using the previous notation his results can be

described as

r r r r
4 3 2
Sti. St; & - 2ty 2%
i=1 i=1 i=1 i=1
ag =
T r ; o 2
2 4 3
2 t 2 tl El - [ E Ll ]
i=1 i=1 i=1
and
r r r r
2 2 3
2 [ St Stieg, - 3ty ty & ]
i=1 i=1 i=1 i=1
ay =
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2.2 Power Hazard Funclion

In this section we obtain the least squares type
estimates of the parameters in the distribution having the
power hazard function

het> =a tX , a>0, k>-1, t>0 €2.2.1>

Corresponding to this hazard function we have

=]
FCty = 1 — exp | - g+l
k+1

and therefore the density function is

a
rCey = a ¥ exp[— — tk+1], a>a, k>-1, t>0 €2.2.2>
k+1 :

For the hazard function h(td = a tk

it is well Kknown
that many 1life distributions are special cases of the

distribution defined in (2.2.20,

It is easily seen that

Iy

> k+1 (k+2 r
Et° = — T 1 + —=—
a - k+l
exists if k > -1
In particular, it follows that
. .
k+1 k=32 [ k+2
Et = — r ——
a | k+1 |
2
P k+1 Jk+1 " k43 7
a | | k+1 ]
and
2 2
k+1 k-2 k+3 k+2
a k+1 k+1
P « Q-
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Therefore, we can conclude that for the existence of the
moments Cand in particular for the existence of the mean and
the variance), it is necessary that k > -1,

Also, the mode t_ of the distribution exists and is

given by

i

k+3
if a>o0, k=0, kK> =L

£

Il
——
v ®

But. for k = ¢ we have
£ty = a e 3t a>o0, tz=o0.
It is easily seen that the mode exists in this case and

is equal to zero.

in this section we obtain the least squares type esti-
mates of the parameters for the distribution having a power
hazard function h(iL) = atk using the smallest r censored
sample. The results for the complete sample are easily

obtained by taking » = n.

2.2 4 a is the Parameter and k is Known

Suppose ti, “any tr denotes the smallest r observations
of a sample of size n from the distribution having the power

hazard function. Using equation (1.1.3> we obtain

a
k+1 ] 2.2.3

FCL,0) = 1 — exp [ -t
k+1

By using the previous notation the estimate of the

parameter a may be obtained by minimizing over the parameter

www.manaraa.com



space the sum

2 r

r 2
121 [{n[lﬂF(t.i,0)]-&[1=EF(Li,9)]] 2151 [eey, 002, ]

where H(L,0) = - 4n [1 - FC(L,O) ]

(2:2.4)

and
£, = - £n.[1 - E FCty,8 ]
It is clear that (2.2.4) will be minimized when H(ti) =
{i, 1 =1, s, r. This Jleads +to a system of linear

egquations which in matrix notation can be writtan as

£=X®©
where
k+1
g4 ti
+1 a
£ = | %2 X = ta and © = ——
; o k+1
+
tl“' .LI‘

Then by €2.1.6) if (X' ¥>~1 exists then
3 =cxx 1 x ¢
But.

r

r
x'x = 3 tIk¥2

i=1
Therefore, ¢x“ x> 1 exists and is given by
1
x’x71 =
r
2k+2
2
i=t1

Ir
atso, xe= 35 t§1 g,

www.manaraa.com



Recall that

i
{i-"'{n 1 = com M 1’1,1..‘,!‘
n+1
Therefore,
s 5y
i=1
é= g =
k+1
- 2k+2
+
2 4
i=1

Finally, we have

r
.
>ttt gy
i=1
a = (Ck + 1D
r
2k+2

2 3
=1

2.2.2 % is the Parameter and a is Known

We have from €2.1.5) that

-

L{kD

I
N ™

1 h

L k+1

HCL,, 0 — &5 ]

T - _
K+1
= 3 |00 t4 T ]

2

2

Therefore, Lo obtain the values of k that minimize LCKD
we consider
dLla, kD T a k+1 a K+1 k1D tk+1
= 2 —_—t - E ] o=y |7 At CkH1I—ty
& 131 k+y * 11 (ks> 1 1 1
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To obtain the least squares type estimate of k, let

JLCKD | ALK -
— = 0, It follews that = 0 1iff
3k
- k+1 ) k+1 a : 2k+2
+ _ +
i=1 i=1 i=1
' T
-3 tfk+1] . z.2.®
i=1
Furthermore
S2LCKD 2a2 2
= 2¢k+1>2 D - 2Ck+1> E ]
a2 ck+1>4
2
2a
- [ SECKk+1)3 - 3Ck+1>2F ]
k+12>9% '
Z2a 2a
_—— [A(k+1) \ B] + BCk+1)>2 - 2(k+1)C]
Ck+1>2 ck+1dd
where

www.manaraa.com



&2LCKD

M2

Therefore,

ife

Ck+1) [ ACk+1>2 = 2 [ BCk+1> - C ]]

[ 2DCk+13% - F — 4 [ ECk+1) - F ] ]

Let K be the value of k obtained for equation (2:4.6)>.

F°LCKD
Therefore, B ——— > O
2
gk =f
ifr
k1> | Kk+1>2 ~ 2 [ BeRetd - O ']]
a 2
[zi’i(ﬁﬂ)z - P-4 [ BRERD - B ] ]
where

i=1
i3 (o) (4]
i=1
r vl
t= 3 &1 g
i=1
5 = ; [ ot ]3 (2k+2
15, i i
T A
E=i§1 [mti) [L?k"'z

2.2.6)

Therefore, when the condition (2.2.62 is satisfied tLhen

the least squares type estimate K of k is the solution of k

www.manaraa.com



for equation (2.2.8).

Since we are unable to obtain an analytic expression for

the mean and the variance of £ we don’t know whether the

least square type estimate of the parameter k is unbiased or

not and also we have no knowledge about it’s  wvariance.

Therefore, we decided to study these gquantities by

s=imulation.

The first step to simulation is to obtain a random

sample from the density function (2.2.2). For this purpose

1.

=]
Find the distribution function F(tL> = 1 - exp[f — tk+1]
k+1

Set U = F(t) where U is a random number in {0,1).

Therefore we have

a
Uu=1 - exp[ = — tk+1 ].
k+1
Find t defined by
1
k+1 EFT
t = - —dnCl -~ WD €2.2.7>
a

The following symbols will be used:

N : number of samples
a,k : variables

S5 : sample pize

MB : Mean Bias

- 18 —
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MSE : Mean Squares Error
R + Number of failed units at which the experiment |is

terminated

The simulation procedure is as follows:
i, Fix the values of a, k, N, R and S&.
ii. Obtéin a value of U and calcualte t using ﬂhe relation
C2.2.7).
iii. Repeat the process (ii) S8 times. This gives us the

sample ti, ceay LSS and take the smallest R observations

Li, lll, th a
iv. Obtain the estimate K of k using the equation (2.2.5
and then check the condition in inequality (2.2.6).
v. Repeat (ii> = Civ> N times obtaining the estimates ﬁi’
o, Ky
vi. Calculate MB and MSE using

1 N
MB = —— S (ﬁi - k>
N i=1
1 N
o~ 2
MSE = —— 3 (B - ko

The compuier program for this simulation was written in
G¥BASIC and is reproduced as Program (1) in the Appendix.
Some of the simulation values are given in Tables
C2.2.1)-C2.2.73.

From these tables we can conclude that

- 15 -
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Given k, a, R, N, the MB and MSE of [ decreases as S§S

increases.

2.2.3 a and k are Paramelers

As before we have
r a 2
Léa,k> = 5 | —th* — g,
i=g L k1 g

wvhere both a and k are parameters.

Therefore to obtain the values of a and k that minimize

L{a,k>) we have

JLCa, k> r a 3 a
=2 R N T IS €2.2.8>
3k < k+1 k+1 *
i=1
dlCa, k> 2a T ra 1
- 5 S | —tK g | JeK et et c2i2. 00
K k+1>% 2, [kt I
Furthermore,
3%LCa, 1 2F
ga’ Ck+1>2
F°LCa, kD 2a 5 2
= 2(k+132 E = 2(k+1DF| - ——_ |{BCk+1> -~ C
Jadk ck+1dd L Ck+1>2
&2LCa, k> —2a [ o
= ACK+132 — 2 (BCk+1> - O
K2 k+1d3 L
232 2
+ e | c2DCKk+132 - P> - 4 (ECk+1d> — F)
k+1>4

- 17 =
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where A, B, €, D, E and F are as defined earlier. Then the

Bessinian H will be

- 1
&LCa, k> &LCa, k)
' da’ dadk
LCa, kD & LCa, k>
Jadk K2
Therefore,
2F Zaz
H = [ (2DCK+1>2 - F> — 4 [ECk+1> - F1 ]
x+1>2 | kv
2a « 2Za
- [ ACK+1)2 — 2¢BCk+1)> - ] S
Ck+1>3 k+1>¢
5 2

[ 2Ck+1>2 E - 2(k+1OF ] - [-B(k+1) -C ]
Ck+1>2

To find the least square type estimates of a and k
equate to zero equation <(2.2.8) and €2.2.9>. Let 3 and K be
the solution (if they exists), of these equations for a and k

respectively. If

H > 0 and

FLCa, kD ‘

a=a, k=k a=a, k=k

then & and K will be the least squares type estimates of a

FLCa, k>

and k respectively. It is obvious that
3 2

a . -

a=a, k=k

But we have to show numerically that

www.manaraa.com



H I > 0 2.2.10

a=a , k=k

¥e don’t know wheiher the least squares type estimales

of a and k are unbiased or not and also their variances are
not known. Therefore, we want to study these quantities by
simulation. ¥e mentioned earlier how to obtajin a random

sample from the density function (2.2.2).

The simulation procedure is as follows: -

i. Fix the values of N, a, k, S8 and R. .

ii. Obtain a value of U and calculate t using the relation

2.2.7>.
iii. Repeat the process (iid 88 times. This gives us the
sample ti,...,tqs then take the smallest R observations.

iv. Obtain the least squares type estimates a and K of a and
k respectively using the equations (2.2.8) and (2.2.%)

and then check the condition in inequality (Z.2.10).

v. Repeat (ii>-Civ)> N times obtaining the LSE’s 51, cea Ay
and Kq, ..., Ky -
vi. Calculate mean bias of a (MB(a)>, mean bias of (MB(k)D,

mean squares error of a (MSE(al> and mean squares error

www.manaraa.com



off (MSEC(k)), where

4 N
MB(a) = wm- | 3 (&, = 8)
N1 g=g
" N
MBCKY = e | 3 ¢k - KO
N | ;2
1 N
~ 2
MSE{a) = ~— 3 (a; - al
N i=1
1 N
i 2
MSECKD = — > k; = k>
N i=1

The computer program for this simulation iq written in
GWBASIC and is reproduced as Program (2> in the Appendix. The
simulation values are given in Tables (2.2.8)-C2.2.14).

From the tables we can conclude that
Given a, kX, R, N, the MBCk>, MSEC(k), MBCad> and MSECal

decreases as 5% increases.

Also one might conclude that the least squares type
estimates of k is biased whereas the least square type

estimate of a is unbiased.
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2.2.1

N= 100 a= R=INT(E5-22
k Y MB MSE
1 1C¢ 2. 67698 8.83002
1 20 1.78399 3.53421
1 30 1. 1866 1.48123
1 40 . 805538 . 872863
1 BO . TOZ549 . 560098
Table 2.2.2
N= 200 a= E=INT(ES-2>
k s MB MSE
1 10 3. 558848 17. 0885
1 20 2.41132 6. 85837
1 30 1.90114 3.86218
1 40 1.61481 2.8B05%91
1 50 1.35969 1.96604
Table 2.2.3
N= 300 a= E=INT(E=-2)
| 54 S= MB MZE
1 10 3.086804 10, 0851
1 20 2.94293 Q. 684666
1 30 2.41348 6.22026
1 40 2.07084 4. 5609091
1 a0 1.78578 32.34
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Table 2.2.4

N= 100 A= 1 R=INT(ES/2>

k AN MB MSE
2 10 4.49185 45.4926
2 20 3.2448 18. 5838
2 30 2.53904 8. 39007
2 40 2. 28670 G.26148
2 50 1.99306 4.533906

Table 2.2.8

N= 100 a= 1 R=INT(E=-2)

k S MB MSE
i i0 B.60798 63.4713
1 20 4. 68339 29,6303
1 30 3.2474 12. 8633
1 40 2.80222 8. 2485832
1 5O 2.00767 4.718858

Table 2.2.6

N= 100 a= 2 R=INT(ESS-2D

k == MB MSE
1 10 4.93426 §8. 3480
1 20 3.92401 27T.2489
1 30 2.58473 2.4501¢9
1 40 1.7T3667 3.961%85
1 80 1.21081 1.'78488
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T

able 2.2.

7

N= 100 az 2 R=INT{(32%SS/4)
k &8 MB MSE
i 10 7.14861 94,4487
1 20 4.80413 32.4811
1 30 4.10714 19,2232
1 40 3. 24486 11.8271
1 50 2.27382 8. 88237
Table 2.2.8
N= 100 k= 1 a=  .0008 R=INTC(SS/4)
ss MBCKY MSECK) MBCa> MSECa)
10 0. 249 0. 62699 0.00388 0. 0000489
20 0.154 0. 38040 0.00109 0.0000278
30 0.158 0.19312 0.00129 0. 0000002
40 0. 040 0. 24141 0. 00077 0. 0000043
50 0.113 0.08262 0. 00051 0.0000013
Table 2.2.9
N= 200 k= 1 a= .0005 R=INT(SS-4>
ss MBCK) MSECK) MBCa) MSECa)
10 0. 258 0. 46841 0.00352 0. 0000540
20 0.181 0. 26958 0.00143 0. 0000116
30 0.008 0.18778 0. 00085 0. 0000047
40 0.081 0.16534 0.00078 0. 0000037
50 0.079 0.09622 0. 00046 0. 0000013

www.manaraa.com



Table 2.2.10
= 100 1 a= . 0001 R=INT(SS/4)
sS HBCkD HSECKD) MB(a) MSECa)
10 0.312 0.36324 0.00193 0.0000193
20 0.238 0. 22832 0. 00073 0. 0000030
30 0.138 0.13189 0. 00038 0. 0000011
40  0.116 0.00115 0. 00031 0. 0000012
50 0.103 0.07173 0.00016 0. 0000002
Table 2.2.11
= 100 k 1  a= .01 R=INTC(SS/3)
sS MBCkD NSECKY MBCa) MSECa)
10 0. 840 0.B6562 0.02726 0.0010218
20 0.5562 0. 44307 0.01562 0. 0004455
30 0. 541 0.37873 0.01840 0. 0003720
40 0.447 0. 28166 0.01222 0.0002653
50 0.371 . 0.20064 0.00910 0. 0001550
Table 2.2.12
N= 100 1 a= .01 R=INTC2%SS/3)
SS MBCKD MSECkD MBCa) MSECa)
10 0.586  0.43897 0.02448 0.0010617
20 ©0.429 0. 26036 0.01642 0. 0004954
30 0.337 0.14830 0.01024 0.0001722
40 0.295 0.12697 0. 00895 0. 0001540
50 0.276 0.11041 0.00824 0. 0001257
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Table 2.2.13

= 100 k 1 a= .1 R=INT(2#SS-3)

ss MBCk> MSECk) MB(a) MSECa)
10 0.698 . 0.48833 0. 08888 0.0061684
20 0.391 0.21044 0.04342 0. 0036300
30 0.364 0.17401 0.04158 0. 0020534
40 0. 290 0. 12275 0.03311 0.0020418
50 0.260 0.10831 0.02705 0. 00165498

Table 2.2.14

= 100 k 2 a= .1 R=INT{2%SS-3)

<8 MBCKY MSECK) MBCad MSECa)

10 0.006 1.06281 0.07169 0. 0093096
20 0.665 0.61670 0.05678 0. 0067191
30 0.494 0.35330 0.04534 0.0043734
40 0.458 0.30627 0.04239 0.0033541
50 0.402 0. 23710 0. 03585 0.0024263
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CHAPTER THREE
Maximum Likelihood Estimales
In Chapter Two we obtained the least squares type
estimates of the coeffici?nts in the linear hazard function

and the least squares type estimates of the parameters for
the power hazard function. In this chapter we obtain the
maximum likelihood estimates of the same paéameters. In
Section (3.1) we describe briefly the method of the maximum
likelihood estimation of the parameters. The results cobtained
by Bain (1974 for the linear bhazard function are briefly
described in Section (3.2 and ¥e describe in the same
section the results of the simulated study for these
parameters. In Section (3.3> we give Bain’s (1974} expression
for the variance-covariance matrix for the maximum likelihood
estimates of the parameters of the linear hazard function. In
Section (3.4) we give the maximum likelihood estimates of the
parameters for the power hazard function; alsn included are
some simulation results. The maximum likelihood estimates are

given using an r censored sample; we take r = n 1f we are

using a complete sample.

¥ith respect to the polynomial hazard function it was
not possible to give explicit expressions for the maximum
likelihood estimates of the parameters. These extimates can

be obtained using some numerical approximation technique.
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3.1 Maximum Likelihood Estimates

Suppose that the random variable T has probability
density function f£(4}6). For a random sample ty, ..., t, the

joint density function is given by

g = -

f[ti, Ln;e] = .m f[t,ile]

For fixed t,, ..., t, the joint density function as a

i

function of © is called the likelihood function of the =sample

and is usually denoted by L(G]Li,...,tn}

-

The maximum likelihood estimate of O is the value of 6
Cas a function of the sample values Li,...,tn) for which the
likelihood function LCO|t, ,...t. > attains ite maximum value.
Usual;y the maximum likelihood estimate of 8 exists and is

unique.

3.2 Linear Hazard Function

Now let us consider the linear hazard funcition h(td = a

+ bt. Using equation (1.1.8> we get

2

i - exp [ - [ at + —— ] ] ’ t >0
2

Therefore, the density function f{t> is given by

|

F{Lo

bt?
£CL) = Ca + btd exp | — [at - — . L >0 €3.2.1
2
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As mentioned earlier, this case was studied by Bain

€1074) in detail. Hence we describe his results briefly.

Suppose ty, ..., bt denote the smallest r observations

from a random sample of size n having the density function

(3.2.1). Therefore the likelihood function of the sample is

given by
LCa,b n! -
a,bfn,t,,...,t 3 = Catbt.2 .
1 T (nerot imt i
r bt " bt
exp - 2 ati + + (p—1rd at + —5—

Since the likelihood function is differentiable with
respect to a and b, the maximum likelihood estimates of the
parameters a and b can be determined by equating to zero the
partiai derivatives of the log-likelihood function with

respect to a and b:

aLtnlL r 1 T
= z — — [ z ti + Fn—r) tr] = 0
i=1

da 5, atbtg
aenl r s
_—= 3 = - [ S t2 + - tﬁ] =0
ob oy atbty 2 (i
r
Let u, = 5 t¥ + (n-r> tK k=1, 2
k 1 r?’ !
i=1

This leads to the eguations
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r 1

2 Ty
i=] a+bti

and
T ti .
2 m——=uy /2
i=1 a+bt.i

Also, we notice that

auy + bu2 /S 2=r

Suppose we restrict a and b to positive values. Since

bu .
au + -2 = r
2
this means that
0<asr /u and O =sb s 2r /u,.

Now considering a as a differentiable function of b we

can write

bu
a(b) uy + __Z = T
2

Imposing this relationship on the likelihood function

vields
n! T -r
L¢bo/n,ty,...,L 0 = CaCbd+ bt;> e .
1 r’ T oot if1 1

This gives

o g [ o2 Ca(bl bt..>

g(h) = e = -— ti // a(b) + i
&b i=1 db
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2r - buz

Butl a(h) =
Zu1
Ha -u
and -_— 2
db 2 uy
Therefore,
u
2
T ti - ZﬁI r 1
g¢(b) = 2 = 2 -
j=q 2r-bu, + bi. i=1 b+r/Cu it —Cu,723>
2u1 i

Also, assuming g(b) to be a differentiable function of b

in the region of interest we obtain

»

T a 2
-’ a 2
g (b = - z [ti t+ — ] /// CaCbh) + bti) < Q
. ab
i=1

This implies that g(b> is a monotonically decreasing
function of b and therefore can have atmost one zero in t.he

region. If such a zero exists then the likelihood function

attains the maximum value at that zero point.

But 0 <= b £ 2r/u, and g¢b) is a monotonically decreasing
and continuous function of b. If g(2r/u,) = 0 then we take b
= 2r/u, and a = 0. If g<¢0> < 0 then we take b= 0 and a =
T uy. If g(2r/u> < O and g(0> > O then b is the unique

solution of g¢(b) = 0 which can be determined by using, say,

Newton—Raphson method.

Ve don’'t know whether the maximum likelihood estimates

of the parameters a and b are unbiased or not. Also we don’ti
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know their variances. Therefore, we want to study these

quantities by using simulation.

The first step to simulation is to obtain a random
sample from the density function (3.2.1). The procedure for
it is as follows:

i. Obtain the distribution function

FCL) = 1 — exp[ - Cat + btZr/2>

, t > 0.
ii., If U is a random number in [0,1) then equate
U=1 - exp[ - Cat + bt2,2> 7, t > o.

-

This gives

— a + ¥ a2-2benc1-1d
L = €3.2.2>

b

The other value of L is not used because it is negative.

The following symbols will be used.

N : number of samples

A, B : FParameters a and b respectively
S8 : Sample size
U0 : Random number in [0,1)

MBA : Mean bias of A
MSEA : Mean squared error of A
MEB : Mean bias of B
MSEB : Mean sguared error of B
B : Number of failed units at which the experiment is

terminated.

- 31 -
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The simulation procedure is as follows:

ji. Obtain 3 value of U and calculate t using the relation
€3.2.2

jii. Repeat the process ciiy S8 times. This gives us the
sample ty, - tog Then take Lhe‘smallest r  observa-—
tions.

iv. Obtain the maximum likelihood estimates of A and B as
described in this section.

v. Repeat ciid—¢iv> N times obtaining the maximum likeli-

-
~

hood estimates Ay, ---> AN and By, --->» By -

vi. Calculate MBA, MBB, MSEA and MSEB wherTe

1 N .
o] 5 (54
N i=1

MEEA

i

.‘.

1 N o, :
MSEB = —— z [ B; — ]

N i=1
The computer program for this simulation is written 1in
G¥BASIC and is reproduced as Frogram (3J in the Appendix. The

simulated values are given in Tables ¢3.2.1> and (3.2.2.
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From the tables we can conclude that

i. Given N, A and B,_HBA, MBB, MSEA and MSEB decreases as
€S increases.

ii. Given N, R and A, MBB and MSEB increases as B increases.

iii. Oiven N, R and B, MBA and MSEA increases as A increases.

3.3 Asymplotic Yariance-Covariance Matlrix

These results are also given by Bain (19745, The

asymptotic variance-covariance matrix for the maximum likeli-

hood estimates of a and b is given by V = 1/n> A™l where
3811 %12
A=
a1 %22
with
1 &nf
a == 1im E -
1 @°enf
a9 = = lim E -
N 00 n dadb
1 F%nf
a = — lim E -
22
N— o n abz
r
and 1im —— = p
N—p o n
But
nt T -r
f<ty,...,t_Ja,b,n} = —— Catbt..> e
1 rl Cn-r>! i=1 i
Therefore,
nt r
tn £ = 4n + E Ln (a+bti)
1_
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and

da
and

3%ent

2

da

Alsa, we have

F2tnt

dadb

therefore

F2Lns

5b2

and

1=1 atbly

i

2

T 1 a

-

--— 3

aZ i=1 (a+bti)2

—-—

i=1 (a+bti}z

- s ty
i=t (a+bti)2
-1 ) o a T a2
ab 2 T2 2
a i=1 atbt; i=1 Catbt ;>
T 2
- s ti
i=1 (a+bti)2
-1 r az r a
b i=1 (a+bti)2 i=1 a+bt;

Bain (1974) has shown that

AR, P / a°

241 T
ay, = [ B(B,P> — AB,p> ]/ ab
and
2
ayy = [P+ A3, P — 2B(3,p) /b
where
B=b s a’
1 123 .
ACA,P) = — © EC1/2(3) - E[ 1,23 — £nCi—pd ]
23
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00
oY
ECx) = J — dy
Y

X

12
2n 1/ 1,2 _
B3, pY = [ > ] Rl N[[(ixp)-zm (1—p)) - N[ﬁ 1’2]

and N(x> denctes the distribution function of the standard

normal distribution.

3.4 Power Hazard Funclion

In this section we give the maximum likelihood estimates
of the parameters of the power hazard function h(t> = a t¥ in
three casses (i) a is the parameter and k is known, (ii) k is
the parameter and a is known and ¢(iiid> a and k are para-

meters. This section has also some simulation results.

3.4.1 a is Lhe Parameler and k is Knovwn

Suppose ti, e aay tr denote the smallest T observations
of a sample of size n from the density function of the power
hazard function h{t> = atk. Then the joint density function

is given by

n!

r
= k 2 k+1
£ = £y, .., = Cat’> exp [— —_ [ Stk

C(n—-r>! i=1 k+1 j=1

_ k+1
+ (n-r2 tr ] ]

Then toc determine: the maximum likelihood ect.imate of a

consider
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n! < a = k4l
inf = 1In + r dna + k E IRt = we— E it
(-1 1 i g+ 1
=1 ¢ j=i

- k+1
+ {n=-rd tr ]

and therefore

3t T 1 v .
= - [ 5 51+ n- t,‘;“]
. da a k+1 i=1
afnf
= 0 gives the unique solution
da

r
a =1 (k+1D // [ E LE+1 + (n-1) t§+1 ]
i= g

Is a an unbiased estimator of a 7

It is easily seen that

K+1
L1 . pxp [.._]

a
But
- k l k
k+1 - +1 _ s k+1 _ +1
5 5L (e XY = 3 cnmieny (65 t¥ilss)
i=t i=1
with t 5y = 0
— ia k+1 _ Lk+1 -
Let Z; = (n-i+1> [t,(i) L(i_i)] ti=1, ..., r
k+1
Then 24, ..., Zr are iid exp —_— (Sinha, (19862,
a
Hence
T Y k+1
— s k+1 _ (k+1 -
i=1 i=1
r
Let Y= 3% 24
i=1
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- 1
But. E a = r(k+1) E - .
Y

So, we calculate

o
1 i a r -ay/Ck+1d) 1©-2
13:-=j ( ) e y dy
Y T(r> k+1
O
a 1
= —— . s if r 2> 1
k+1 r—1
Finally, we have
- ra
Fa= — if r > 1.
r—1

Ye notice that ; is a hiased estimator of a.

Consider
. r—1 Cr—12> C(k+1) .
a:—..__a:rl if r > 1.
r LK+
T

5 t5*1 + (-
)

1

1t is clear seen that 5 is an unbiased estimator of a.

Also,
varcdy = (r-132 (k+1)> VarCisyd
But
1 a 2 1
Var[———] = [ — v it r > 2.
¥y k+1 C(r=12“ (r-2J
Therefore,
Var{a) = —— if r > 2.
r—2

Since Y is a complete sufficient statistic for a,
therefore, a is also the unique uniformly minimum variance

unbiased estomator of a.
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4.4.2 X is the Parameter and a iz Known

Suppose t,, ..., i, denote the smallest r observations
from a sample of size n from the density function having the

power hazard function hi{td = atk. Then the joint density  is

given by
n! T a r
f=——— p athexp |- — [ 3 S e L
(n-r>! i=1 1 k+1 . . S
i=1
Therefore,
l'l! ™ r a r
inf = in ¢+ Sitna+k 3oty - — | 3t§
Cn-r)! 1o ket i
S £ | i=1 i=1
_ k+1 :
+ (n-rJ) tr ]
Hence
dinf r a T
— = S nty - 2 {2 L nty + o-etE ent
K 401 Ck+1) ic1

r
Ck+1> = [ 5tk {n—r)L¥+1]] .
i=1

In order to obtain the maximum l1ikelihood estimator of k

dinf
we equate to =zerao
dinf T a r
0= — = 3 ot - 2 2 L5 ont +cn-o> X lent ]
3k . TS R AT . r r
i=1 i=1
- k+1
_ k+1 - +
. Ck+1) [ s t5* + -ootf ] . €3.4.1>
i=1
Let
d&nf
g{k) = ——
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¥e want to know if there

evists a solution of k for

equation (3.4.1), such that -1 ¢ k. It is easily seen that

1im glk) = »
[ |

T £,<K>
1im g¢kd = 3% {nLi - lim a

where

T
- k+1 _ k+1 .
gi(k) = [( ) ty Lnt; + (n raty LnLP] Ck+1d
=1

i

r
P gty (n—r)tk+1]]

Ir -
i=1

= 2

and gz(k) = (k+137.
g4k o

Therefore, lim is of the form i- unless max ti <1, i =

k—omgz(k) @
1, ..., 1lim g(k> = Z 4n 4, ¢ 0. So by L’Hospital rule

k—
g4 <k g4<K
lim = lim -
But
2 2

giCk> = [ 5tk ent;] + o " (ent ] ] Ck+1)
and

g k> = 2 (k+1
Therefore,

gk 1 k+1 2 k+1 2
= 5 X ent ] o+ amed b [ente]) |-
e’y 2 1 t r r
&2

Hence
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2

T
. a . 2
_ . k+i k+1
1i (k) = Int.. - 1 - g o Int.. ] +(n-rot int.
k-—l:loo g z 1 k-l-.:‘m 2 [izi 1 ['n 1] n r [ I‘] ]

which is negative.

Since g(k) is monotonically decreasing and is a contin-
uous function then there exists a sclution for  equation
¢3.4.1> and the solution is unique. Let k be the solution of

the equation (3.4.12.

Furthermore,
d2enf -a . 2
— = 1 [ CA+B> Ck+1> + C+ D - C -D ] (k+1d>2 -
dk Ck+1)
2 Ck+1D [ CC+D)> (k+1> — CE+F> ] ]
where
r
2
k+1
A= 3 LS [cnti]
i=1
2
LY k+1
B = (n—-1J Lr [Lntr]
I
_ k+1
C = E ti {ntl
i=1
L k+1
D = (n-r> tr {nLr
r
_ k+1
E= 5 ti
i=1
r
e k+1 _
F = (-t 5@ S 4nty
i=1
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Therefore,

d%enf ~a

= [ [ CA+B) (k+1)2 - 2 [ {C+D)> C(k+1> — C(E+F) ] ]

dk 4 (k4157

But. from equation (3.4.1).

(x+1>2
G = CC+DY Ck+1d — (E+F2
a
Therefore
d2ent -a 5 Ck+1>2
_— = ~ CA+BY (k+1D° - 2
dk Ck+1> a
—a 283
= [LA+B] + — .,
Ck+1> k+1
Furthermore
d2ent ~a 2 . 26
—— = [ A+B 1 + wo—
dk ~ Ck+12 o k1
k=k
wvhere
Tr .
) 2
- k+1
A= St [{nti]
i=1
and
>~ . 2
B = (n-r> tk¥! [mt,r]
Therefore,
d2enf
< 0
rrall i
k=k
iff
20
a } ————
CA+BD

Therefore, when the condition (3.4.22 is

‘|

(3.4.2>

satisfied the

maximum likelihood est.imate ﬂ of ¥ is the solution of equa-
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tion €3.4.1).

Ve don’t know whether the maximum likelihood estimate of
the parameter k is unbiased or not and also it’s variance is

unknown. Therefore, we want to study these quantities by

simulation.

The way to simulate from the density function of the
power hazard function was discussed in Section (2.2.2}, and

we use the symhols given in that section.
The simulation procedure is as follows:

i. Fix the values a, kX, N, SS and K.
ii. Obtain a value of U and calculate t using the relation
€2.4.8>.

iii. Repeat. the process (ii) 88 times. This give us the
sample t,;, ..., tog and take the smallest R observations
tys e tp-

jv. Obtain the maximum likelihood estimate k of k by using
the equation (3.4.1> and then check the condition ib
inequality €3.4.2). If the condition is not satisfied
then repeat the sample and repeat. the procedure.

v. Repeat (iid—(Civ) N times obtaining the maximum likeli-

hood estimates k4, ..., kN

vi. Calculate MB and MSE using
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1 N
HSE = 151 [ki - k]

The computer program for this simulation is ‘written in
GYBASIC and is reproduced as Frogram €42 in the Appendix. The

simulated values are given in Tables (3.4.12-(3.4.7).

From these tables we can conclude that :

Given a, k, R, N, the MNB and MNSE of k decreases as SS

increases.

3.4.3 a and k are Parawmeters

Suppose Ll, sea tr denotes the smallest r observations
from a sample of size n from the density function of the

power hazard function h(td = a tX. Then the joint density 1is

given by
n! r a r
k k+1 k+1
f¢t,,...,L IF—arn—— at.. expl| — — Lo + (n-rl>t .
1 ot 101 1 [ K+1 [121 i r ]]
Therefore,
ot r r a r
nf = Ln + S tna+t k3 Lnty - _.[ 3 5. (n—r)t,‘;”]
and
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= - _ k+1
-61_-;_ = izi'cnti m Eiti {nt.i + {(n=-xr) t'I‘ Lnt.r ]
- iz

ot a [ [ ket

r
k> = [ 3 s ey ] ]
i=1

= A

da a k+1

gtnf T 1 T
[ 5 4 cnery £ ]

T
i=1

Te find the maximum likelihood estimates of a and k let

ainf
= 0 (3.4.3D
Gk
afnf
= 0 (3.4.4>
da
r C(k+1D
From (3.4.4> we cbtain a = N
k+1 - k+1
z Li + (n-r tr
i=1

Substitute this value of a in equation (3.4.3> to get

the equation

r
K+1 3kt
- r ['ziti ot + (-t hent ] .
a 1= =
.2 Int. 4 T . + ") 0
i=1 s 4 an-eeEH
i=1 '

By solving this equation numerically we get the value Kk
(if it exists) which is the maximum likeihood estimate of k.
Assuming that this value is unique then we find the maximum

likelihood estimate ; of a by using

r Ck+1)
a = -x . -
+1 _ k+1
55+ et
| i=1
Furthermore,
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62{nf‘ r

e
52 ! C D 1
= - CC + D) C kt1) = CE + F2 ]
dadk Ck+1272 [
and
62Lnt a 3 '
—= . [ CA+BICk+125 — 2(k+1)[(C+D)(k+1)—(E+F)] ]

Ik Ck+1) :
where

r

A= 35 et p?
i=1

= _ k+1
B = (D12 tr cntr

T
c= 3t5 oanty
i=1
- _ k+l
D = (n—12 Lr LnLr
T
E = 2 t§+1
i=1
- _ k+1
F (n—r2 Lr

The maximum likelihood estimates of a and k exists if

3> ¢nf
H >0 and ey < 0
~ ~ da
a=a, k=k a=a
_ 3> Lns
Its obvious that —552— 0.

Now
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r

2

a

[<R+ﬁ)cﬂ+1>3 - z<§+1)[(&+6>(ﬁ+1)-(&+?)]]

(3.4.3

and Kk

H =
~ e ack+nd?
a=a, k=k
- [ @ e D> ¢ k+1> - CE + P> ] :
“Ck+1) [
Therefore,
H > 0
a=a, k=k
ifft
r [c A+B) (k+133-2¢k+1)> [( G+DD ci&+1>—cﬁz+?>]]
a < .
Eal Py e el - 2
[ CC+DICk+1Y — CE+F) ]
where
r -
- k+1 2
A= ST et
i=1
& — _ K+1
8 = (n-xr2 tr {ntr
I ~
S k+1
C= 3 t7° tnt;
i=1
- k+1
D = (n—r) tr tntr
I ~
- k+1
£ = 3 ti
i=1
e — — k+1
F = (n-1 tr
Therefore, when the condition (3.4.5) is satisfied then
the maximum likelihood est.imates ; and ﬁ of
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respectively are the solutions of the simultaneous equations

(3.4.3> and (3.4.4).

Again we don’t know whether the maximum likelihood
estimates of a and k are unbiased or not and also their
variances are not known. Therefore we want to study these

quantities by simulation. Ve mentioned earlier how to obtain

a raondom sample from the density function (2.4.23.

The simulation procedure is as follows:
i. Fix the values of N, a, k, EZ and 4
ii. Obtain a value of U and calculate t using the relation
(2.4.8)>.
iii. Repeat the process (iil =% times. This give us the
sample tg, ..., tog- Then take the smallest E observa-

tions ti’ % & t

B
iv. Obtain the maximum 1likelihood estimates ; and ﬁ of a and

k respectively as we have shown in this section.

v. Repeat (ii>-Civ}> N times obtaining the maximum
likelihood estimates a , ..., 8y and Ky, «--, K-
vi. Calculate Mean bias of a, (MB(ad)), Mean bias of

k, (MB<(k))>, Mean squares error of a, MSECad> and HMean

squares error of k, CHSECKD

M 2
~
o
|
'Y
w

1
MB(ad) = ——
N
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1 2

N
MSECad = — 3 [a.i - a]
N i=1

1 N 2
MSECK) = —— izi [ki - k]

The computer program for this simulation is also written
in GWBASIC and is reproduced as Frogram (6> in the Appendix.
The simulation values are given in Tables (3.4.4> and (3.4.85>
respectively.

From ithese tables we conclude:

Given a, k, R, N, the MB(a), MSECa), MB(k> and MSECKD

decreases as I8 increases.
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Table 3.2.1
N= 1000 R=INT(C. 7T#S5)
A 1 B= 0
=R MBA MBB MSEA MSEB
10 . 284143 1.402786 . 387403 10. 5911
20 . 195389 . T40411 .181303 1. 926388
30 . 139068 .4B57485 L112 . 600292
A= 1 B= 1
E= MBA MBB MZEA M=EB
10 . 2TT608 1.86671 . 52858868 19,1231
20 . 183206 . B66866 . 270738 3.82122
30 .137318 LT24273 . 21B267 2.62873
A= 1 B= 2
S= MBA MBRB HZEEA MSEB
10 . 2131584 2.37331 . BBO4 44.9481
20 134404 1.07091 . 366868 8. 205006
20 .09196 .734122 . 270761 4. 70463
A= 2 B= O
&= MBA MBB M=EA MSEB
10 L 802092 8. 73038 1.81779 138. 084
20 . 387659 2.81568 .7T31793 24.4477
30 . 338418 2.04267 . 489438 12.1854
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CONTINUE Table 3.2.1

Ss HBA MBB MSEA MSEB
10 . 515888 6.63488 1.82508 226,996
20 . 328795 3.42128 . 8985287 43,1167
30 . 243490 2.11770 . B47878 17.5820
A= 2 B= 2

S= MBA MBB MEEA MSEB
10 . 589278 6.36548 1.79218 144. 269
20 . 323089 3.64121 1.02656 B6. 8537
30 . 23816 2.17136 . 604718 24.4246
A= 3 B= 0

SE MBA MBB MESEA MSEB

10 . 801528 13.3432 3.92598 899. 098

20 .61322 6.59109 1.82074 13B. 676
30 .451406 4.20849 1.,04862 84.09076
A= 3 B="1

E8 MBA MBB MEEA MSEB
10 .808714 14.7339 3.42026 3158. 2

20 .491883 6. 4069 1.7493 130,111
30 . 3093621 4.60722 1.16900 71.7819
A= 3 B= 2

== MBA MBB MSEA MSEB
10 . 736848 14.261 4.1716 Q97.862
20 . 524549 6.76189 1.84144 173.721
30 . 396862 4.58382 1. 24208 82.1644
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Table 3.2.2
N= 300 E=INTC(, THS3)
A= 1 B= O
SE MBA MBB HZEA MSEB
10 . 203306 1.,22733 . 381531 B.39943
20 197514 L. T39022 . 17998 1.8816
30 L1364 . B29207 123278 . 852704
A= 1 B=1
== MBA MBB MEEA MSEB
10 . 283026 1.78649 . 444528 14.19268
20 . 183307 .047738 . 300118 4.43044
30 . 130435 . 425034 .211274_ 2.30331
A= 1 B= 2
&= MBA MBB MSEA MSEB
1¢ . 152808 2. 26468 . 787833 34.0414
20 17132 1.13444 . 3AT367TY T.0913
o LTT2832E-01 . 5411286 . 25857003 4.185408
A= 2 B= 0
== MBA MBB MEEA MEER
10 . 857358 5. 70087 1.4887¢ 178. 177
20 . 373007 2.71809 .TB3217T 24. 0708
30 . 2785447 1.87339 .490118 10. 6084
A= 2 B=1
== MBA MBB MSEA MSEB
10 . 4758308 6.67028 1.82037 302.6
20 . 381826 2.99174 . B092B1 341, 20058
30 . 232162 1.886385 . 8535467 17.4731

www.manaraa.com



Contnue Table 3.2.2

A= 2 B= 2

€S MBA MBB MSEA MSEB
10 .82221 T7.04464 1.81123 173.167
20 . 346719 3.37108 . B82503 41.7682
30 . 236924 2.17489 . 686727 23.4374
A= 3 B= 0
== MBA MEB MEEA MEEB
10 . 249436 14.65418 3.32658 T05. 438
20 . 684372 6. 64978 1.78897 129.25
30 .421983 4. 85038 1.07287 64.9223
A= 3 B= 1
SE MBA MBH MSEA MEEH
10 . B46498 13.8011 3.42466 B94G. 088
20 . B03468 6. 26809 1.64451 148. 109
30 . 418539 4.72441 1.12386 T3. 2327
A= 3 B= 2
LA MBA MBB MSEA MSER
10 . 858613 15.5104 3.7844 1184. 97
20 . 503478 6.41837 1, 96916 141,768
30 . 386842 4,33074 1.30003 B1.1112
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Table

3.4.1

= 100 a= B E=INT(S8/3)

88 HB MSE
1 10 3.13890 0.85321
1 20 1.20701 1.68B487
1 30 .78R272 . 6220851
1 40 . 677823 . 459446
1 BO . 170397 . 200352E-01

Table 3.4.2

= 200 a= B R=INT(SS/3)

sS MB MSE
1 10 2. 34500 B. 4995
1 20 1.90841 3.08176
1 30 1.0824 1.17159
1 40 1.31188 1.81028
1 50 1.04266 1.08714

Table 3.4.3 :

= 300 a= B R=INT(SS/3>

ss MB MSE
1 10 3.80127 14.4497
1 20 2.33836 8, 79122
1 30 2. 06798 5. 22834
1 40 1.335893 1.7847
1 50 1.18173 1.30648
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Table 3.4.1

= 100 a= B R=INT(S5/3)
=S MB MSE
1 10 3. 13899 ©.83321
1 20 1.29791 1.68457
1 30 LTBR2T2 . 622981
i 40 .OTTB23 . 489446
1 5O 170397 . 2903B2E-01
Table 3.4.2
= 200 a= 35 R=INT(S5-3>
SE MB MSE
1 10 2.34509 8.4998
1 20 1.90841 3.98176
1 30 1.0824 1.17159
1 40 1.31188 1,81028
1 89O 1.04266 1.08714
Table 3.4.3

= 300 a= 8 R=INT(SE/3)
k S= MH MEE

1 10 3.80127 14.4497
1 20 2,338356 B.79122
1 30 2.06798 5. 22834
1 40 1.,338%3 1.7847
1 50 1.18173 1.39648
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Table 3.4.4

N= 100 a= 1 R=INT(3%SS/4>
k Ss MB MSE
1 10 . 680814 . 42386
1 20 .115423 . 133225E-01
1 30 . 0562729 . 118035E-01
1 40 . 043506 . 694351E-02
1 50 . 016828 . 38T413E~02
Table 3.4.5
N= 100 a= 2 R=INT(IHIS/4)
k SS MB MSE
1 10 . B5T621 .310941
1 20 . 407808 . 220641
1 30 . 406707 .190713
1 40 . 226386 . 512505E-01
1 5O . 200667 . 402672E-01
Table 3.4.6
N= 100 a= 2 R=INT(3#SS/4)
k ss MB MSE
2 10 1.07416 1.15381
2 20 . 339349 .1165158
2 30 . 215934 . 066367
2 40 . 185850 . 034543
2 50 . 132788 . 020987
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Table 3.4.7

= 100 a= 1 R=INT(SS/4)
S MB MSE

1 10 . 68473 . 468854
1 20 . 274875 . B05313E-01
1 30 . 2128853 . 4B3068BE-01
. 40 . 175851 . 309236E-01
1 50 . 140548 . 197B36E-01

Table 3.4.8
= 100 k= 2 a= R=INT(O. TG#3S)

Ss MBCK)D MSECK) MBCad MSECa>Y
10 . 83682 .D02768 , 462051 .242114
20 . 79300 . 054800 . 4584074 . 232399
30 . 4440985 . 19722 , 136843 . 187179
40 . 18466 .101421 . 365028E-01 . 133246
50 . D6362 ., 081402 .141664E-01 . 092087

Table 3.4.9
= 200 k= 2 a= R=INTCO. 7B#*SS)

s= MBCkD MSECKD> MB(a> MSECa)
10 .7T1874 2.94376 . BOBEB7H . BOZBOT
20 . 06298 1.12992 . 026879 . 8885851
30 . 01668 1.04087 . 219888 . 483374E-01
40 . 464553 . 215800 .061816 . 38212E-02
80 . 282208 .TQ6912E-01  .1B2626 . 232049E-2
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Table 3.4.190

2 ReINTCO. TEXSS)

N= 100 k= 1 a=
S8 MB(k)D MSECk> MBC(a2 MSECaY
10 , 801404 .8423214 4.7T923 22.9661
20 222464 . 494902E-01 . B63883 .31793
30 134164 L I7OQ9QE-01 . 196239 . 388B096E-01
40 . 0823695 . 006784 . 256096 . 6885851E-01
BO .018513 . 344152E-02 . 383817 .014716
. Table 3.4.11
N= 200 k=1 a= 2 R=INTCQ, TBWEED
S8 MBOkD MEECk> MBCal MNIECa2
10 4248 180201 . 2335688 . BGB9R6
20 . 643536E~01 .414138BE-D2 . B52458 . 605209
30 . BP1208E.D1 , 270304 E02 . 236904 L861237TE~01
40 .337296E-01 L 113760E02 . 244064 . 848B874E-01
850 . 01267 . 216080E-03 .478081 . 228861E-01
Table 3.4.12
N= 100 k=1 a= 1 R=INT(O. TE#SE)
&S MBCkD MEECk> MB{a) MSECad
10 .634181 . 166369 1342659 . 124856
20 . 539298 . 290404 . 109333 . 39G637E-01
30 .441781 .1985171 .467772E701 . 21881 E=D1
40 . 248251 . 601482E-01 . 8348635E-01 . 69690E-02
50 16238 . 26387 2E-01 . 282826E-01 LB3021E02
- 85 —
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Table 3.3.13 -

N= 100 k= 1 a= 1 R=aINTCO, G*SS)
&= MBCkD MSECkD MB(a) MSECa)
10 . 402672 . 662148 L6TTET2 . 459230
20 . 805542 . 648896 . 0OUOTOE-01 .0826
30 . 210342 . 442430 . 162597 . 0264
40 . 673805 . 454013 . 013234 . 018077
50  740803E_01  .B62203E-02  .d49G934E-02  .008951

Table 3.4.14

N= 100 k= 2 a= 2 E=INTCO. BHSS) )
ss MBCKD MSECKD MBCad MSECa)
10 1.00969 1.01948 . 164393 . 270252
20 . 14648 .214738 . 448277 . 200052
30 . 276867  OGGBGAE—O1 .OGBBABE-O1  .198077
40 . 097145 . 804868E-01 .61121 . 159808
50 . 054138 . 427T90TE-01 .32033 . 104288
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1 REM solvioioiotoioiiok PROGRANM 1 ivioleloioloiniofsioloisiolofolokriciciotololorek

85 REM THIS PROGRAM IS UE TO CALCULATE THE MB AND MSE

6 REM FOR THE LSE OF XK USING CENSORED SAMPLE

10 RANDOMIZE

20 INPUT"INPUT NrA";N,A

30 PRINT "N= TNOAs AT R=INT(3*SS/4>"

40 pgxNT"m*mmmmm*m*mmm*mmm*mmm*m*mm*m*mm**mm*m*m***mm*m*mmmm"
50 DIM L{1000)>,TC(10002

52 FOR IT=1 TO N

84 LCITY=~LOGB(1-IT/(N+12D

B NEXT IT

60 K=1

70 PRINT"K sSs MB HSE™

80 PRINT' etoiictoloiciolotoioolsciolsiolomiciololoiotoloiototofetiofsoleiololaioleiololeiololeoiok ™

Q0 FOR SS=10 TO 80 STEP 10

01 R=INT(3HSS/4)

100 £3=0

110 S4=0

120 FOR I=1 TO N

130 S1=0

140 S2=0

145 REM READ THE SAMPLE SIZE

150 FOR J=1 TO SS

160 TCJ>=CC(—(K+1)/AD*LOGC1-RNDI> " C(1/CK+13)
170 NEXT ]

175 REM  ARRANGE THE SAMPLE SZE .
181 FOR JJ=1 TO S8

182 FOR JJ]J=CJJ+1> TO SS

183 IF TCJJJ2>=TCJJ> THEN 187

184 Z=TCJI1I>

185 TCJJP=TCJ]>

186 TCJ]>=2

187 NEXT JJJ

188 NEXT JJ

180 REM CALCULATE THE LSE OF K

190 Z=K

200 A1=0

210 B=0

220 C=0

230
240
250
260 G=0

270 FOR J=1 TO R

280 A1=A1+LOGCTC JIIHTC JD " 242Z+2)

200 B=B+T( J>"(2%Z+2)

300 C=C+TC]>"~CZ+12*LOGCTC JII#LC ]2

310 D=D+TCJ) " (Z+1D%LC]D

320 E=E+CLOGCTCJII) "~ 2#*TC ]~ (2%Z+2)

350 NEXT ]

360 AZ=ALCZ+1%CAIRCZ+1D-BY —(CH(Z+1D>-DD

370 AB=ALCZ+1)" 2k ( 2RCZ+1IME—ALIR(Z+1D~CADR(Z+1>-B3)—C
380 A7=A2/A3

420 Z21=Z-AT7

430 IF ABS(Z1-23<.001 THEN GOTO 460

440 2=21

450 GOTO 200

460 REM CHECK IF THE LSE OF K EXIST

465 AA=0

470 BB=0

480 CC=0

490 DD=0

500 EE=0

810 SF=0

520 FOR JJ=1 TO R

nme
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530 AA=AA+CLOGCTCJJY 22~ 24TCJ ]I~ C21+1I%LCJ ]
540 BB=BB+LOG(TCJTDI#TCJJ)~(21413%LCJ])

550 CC=CC+TCJI>* (21412 J])

560 DD=DD+CLOGCTC JJ2)2~2#TCJ ]I~ 2421423

B70 EE=EE+LOGCTCJIDIHTCJJ) T 2%21+2)

£80 SF=SF+T(JJ) (2#2142)

590 NEXT JJ

600 B1=CZ1+1IMCAARCZ14+1) "~ 2~2%(BBM(Z1+1)~CC))
610 B2=( 2¥DDWC(Z141) ~2-SF—-d*( EEX(Z1+13~SF)>
620 TF A>CB1/BZ2>THEN GO TO 680

630 PRINT "K= “;K;" SS= ";SS;"LSE DOESNOT EXIST"
640 GOTO 730

650 LIE=Z1

660 B=LSE-K

670 23=53+B8

680 S4=S4+B*B

690 NEXT 1

598 REM CALCULATE THE MB AND MSE

TO0 MB=S3-N

710 MSE=E4N

720 PRINT K,SE8,MB,HMZE

730 NEXT E=

T40 PRINT"**MW****W**WW*‘!‘**‘ fosesteopotedesRsofoffolRMO HofoRRokoR
720 END
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1 REM sofoloiiod PROGRAN 2 suivioloksiofolotoiotolololeiofolofofioloiofotol

3 REM THIS PROGRAM IS TO CALCULATE THE MB AND MSE

5 :REM FOR THE LSE OF A AND X USING GENSORED SANPLE

10 RANDONMIZE

20 INPUT"INPUT N K AND A";N,K,A

30 PRINT “N= SNt K= Mg - A= s A" R=mINT(ES/3)"

40 PRINT"***mmmm**mmmmm*****m**w**w*mmmmmm***mm**m$*****m***"

BO DIM LC10002>,TC1000D

70 PRINT" &S MB(KD MSECKD _ MBCA) MSECAY "

80 PRINT"m**mmm**mmm*mm*mm*m*m***m*mmmmmm*m*m*mmmm*mmmmmmmmm"

00 FOR SS=10 T0 50 ETEP 10

02 FOR Q8=1 TO SS

03 L(Q8¥=-LOG(1-Q53/(ES+1))

95 NEXT Q&

100 £31=0

110 S41=0

112 S£32=0

114 S42=0

120 FOR I=1 TO N

130 S1=0

140 £2=0

145 REM READ THE SAMPLE SIZE

150 FOR J=1 TO SS

160 T(J}=(—((K+1)/A)*LOG(1—RND))“(1/(K+1)}

170 NEXT ] '

180 REM ARRANGE THE SAMPLE SIZE .

181 FOR Q(Ql1=1 TO == _

182 FOR Q2=(Qi+1> TO SS

183 IF TCQ2>>= TCQ1> THEN 187

184 Z2=T(Q2D

185 T(Q2X=TC(Q1D

186 TCQ12=Z

187 NEXT Q2

188 NEXT Qt

190 2=K

198 R=INT(S=/3)>

200 A1=0

210 B=0

220

230

235

240

2580 REM CALCULATE THE LSE OF K

270 FOR J=1 TO R

280 AL=A1+LOGCTCIIINT(J2 " (2%Z2+2>

200 B=B+T{ )~ (2%Z+2)

300 C=C+T( J>~(2+1>#*LOGCTC JI L J2

308 F=F+(LOGCTC JII I~ 24T(JI~(Z2+1 LD

310 D=D+T( JI " (Z2+12#L(JD

320 E=E+C(LOGCTCJII2 24T JD " (2%Z+2)

350 NEXT ]J

355 AZ2=(D*A1R(Z2+1DXI/B-C*(Z+1)

358 A3=10*(((C*A1+2*E*D)*(Z+1)+D*A1)*B—Z*(Z+1)*A1‘2*D)/
(B~ 2)—C(Fw(2+132+CD>

360 AT=10%AZ-A3

420 Z1=2-A7

430 IF ABS(Z1-2><.001 THEN GOTO 460

440 Z=21

450 G0T0 200

455 REM CALCULATE THE LSE OF A

460 S7=0

462 S8=0

463 FOR U=1 TO R

464 ST=ST+TCUY " (Z1+1DXWL(US

465 S8=S8+TCUI~(2%Z21+2)
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466 NEXT U

467 LSE1=21

468 LSE2=(Z1+1)%S7/S8

469 AA=0

470 BB=0O

480 CC=0

490 DD=0

500 EE=0

610 SF=0

518 REM CHEK IF THE LSE OFN A AND K EXIST

520 FOR JJ=4 TO R

530 AA=AAFCLOGCTCJJII)“2%T(J >~ C(Z1+13%LLJ D

540 BB=BB+LOGCTCJJ>I%TCJII~(Z1+12%LC]])

550 CC=CC+T(JJI>*CZ1+1)2%LCJTD

560 DD=DD+CLOGCTCJII>)~2%TC J 2" (24Z1+2)

570 EE=EE+LOGCTC JJI%TCJ]>~{2%Z1+2>

580 SF=SF+T(J]D"(2%21+2)

500 NEXT JJ

592 LA=LSE2

BO3 B7=2%(DD*(Z1+13>"2)-SF

564 Bil=4k(EE4(Z1+1>-SF2

505 B6=B7-Bl

506 B2=CA%(Z1+1)"2-2%(B*(Z1+13-CC)D

507 B2=C2%LA/CZ1+1)>"~3)%B2

508 B3=( 2ASF/(Z1+1)~2>%((24%LA" 2/¢21+1>"4>*B6-B2)

600 B4=CAWLA/CZ1+1D "2 %(2HCZ21+1)" 2HEE~2%(Z1+1I%SF) -
C2/C21+1) " 2)%(BB%(Z1+1) -G

605 JAG=B3-B4°2

620 IF JAC>0 THEN GO TO 660

630 PRINT "K= *;K;™ SS=_ ";SS;"LSE DOESNOT EXIST"

640 GOTO 730

660 Bi=LSE1-K

670 S31=S31+Bt

680 S41=S41+B1%B1

683 B2=LSEZ2-A

685 S32=S32+B2

687 S42=S42+B2%B2

690 NEXT I

695 RENM CALCULATE THE MB AND MSE

700 MB31=S31/N

710 MSE1=Sd1~N

712 MB2=S32/N

714 MSE2=S42/N :

720 PRINT USING"T ## I ##. %84 1 ##. #as# X #4. #4484 1
$u. ppaEsS#”  SS, MB1,MSE1, MB2, NSE2

730 NEXT S=
734 PRINT"m******w*m**mm**mm******mm*w*mm*w***m******m*****m";E
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REM  osioisiololok PROGRAM 3 solsiolopioiotoiotsiviooiojotoioljoioletololotoy
REM THIS PROGRAM IS USED TO CALCULATE THE MB AND

REM MSE OF THE MLE FPR THE PARAMETERES OF
REM THE LINEAR HAZARD FUNCTION

RENM USING CENSORED SAMPLE

RANDOMIZE

DINM TC1000)

INPUT"”INPUT n';N

IF (A<O OR B<0> THEN 30

PRINT" N= ";N;* R=INT(, 7#3I33"
A=1

B=2

PRINT™ A= *"“;A;" B=";
PRINT“é*--++.?+::é=++'é‘:::'+:::+**$::'n:"':m*m****m****"
PREINT™ &= MEBA MEB MSEA MSEB™
PR INT ' iotoicioisiolololoiooicioieiolioloh intoloiotoloiotolotolbioioloiiclotoioiiototoloksiiofolor
FOR £5=10 TO 30 ETEF 10

S31=0
Z32=0
S41=0

S42=0

FOR I=1 TO N

IF B>0 THEN 120
FOR J=1 TO SS

TC J>=-LOGC1-RND> /A
NEXT J

GO TO 150

REM OBTAIN THE SAMPLE SIZE
FOR J=1 TO SS
T(J)=3$QRT(A“2—Z*B*LOG(1—RND))/B)—(A/B)
NEXT

PEM ARRANGE THE SAMPLE SIZE
FOR Qi=1 TO SS

FOR 02=CQ1+1) TO S8

IF TCQ2)>=TC(Q1> THEN 210
Z2=T(Q2>

TCQ2>=TCQ1D

TCQ1d=2

NEXT Q2

NEXT Q1

R=INTCO. 7%SS)

S1=0

S2=0

FOR J=t TO R

S1=S1+TC D

S2=S2+TCJ>"2

NEXT J

U1=S1F+(SS—RIKTC(RD
U2=S2+(SS-RI*TCRI"2

G1=0

G2=0

340 FOR J=1 TO R

G1=01+1./C 2%R/U2+R/CUIHTL J>-U2/23)
G2=G2+CU1%T(JI-U2,23 /R
NEXT J

372 REM FIND THE MLES OF A AND B
380 IF G1>=0 THEN 540

300 IF G2<=0 THEN B70

400 B1=0

410 G3=0

420 G4=0

430 FOR J=1 TO R

435 KL=B1l+R/CU1#TCJ>-U2-23

440 G3=G3+1/KL
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443
460
470
480
490
Boo
B10Q
B20
830
540
550
B&60O
B70
580
B0
591
600
610
620
630
640
680
688
660
670
680
690
700
710
720
740
760

G4=G44+CL1/KLD* 2D

NEXT J

B2=B1+G3./G4

IF ABS(B2-B1)<. 001 THEN B10
B1=B2

GO TO 410

MLEB=B2

MLEA=CR-B2#U2/2) /U1

GO TO 890

MLEB=2#R /U2

MLEA=0

G0 TO B%O

MLEB=0

MLEA=R/U1

PRINT MLEB;

Bi1=MLEA-A

B2=MLEB-B

S$31=531+B1

S32=S32+B2

S41=541+B1%B1

S42=54 2+B2#B2

NEXT I

REM CALCULATE THE MB AND MSE
MBA=S31.N

MBB=S32-N

MSEA=S41/N .
MSEB=S42~-N

PRINT SS,MBA,MBB,MSEA,MSEB

NEXT SS
PRINT * soiioioiisioioioioioioisioioioiviololotivivisiololioisisiooioiolojoiototototojolofolofolofol ™

PRINT® mmmmmm*w**wwm*mwmw
PE I NT “otoiofoivisiojoloioloiolololoioioiotoioiciolololotorsiono {eojolototoloitiolojolofesiolololoinidc’
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1 REM oopisicioloior PROGRAM 4 siioksioloioioloiofolaleieiofoiolofpoio

2 REM THIS PROGRAM IS TO CALCULATE THE MB AND MSE

3 REM "~ FOR THE MLE OF K USING CENSORED SAMPLE

10 RANDOMIZE

20 INPUT“INPUT N,A";N,A

230 PRINT "N= ANyt A= YIALT P=INT(2%=873)

40 PRINT"***m******mm*****mm***mmm**mm**m*mmmmm****m*m***mmm"
50 DIM TC1000D

60 K=2

70 PRINT"K N MB MSE"

80 FRINT ' ***mkmmm«»kmu«mmmmmmmmw*mmmmm*mm*mmm**mm**wm Hion'"

83 FOR $8=10 TO 60 STEP 10

@0 REM OBTAIN THE SAMPLE SIZE

91 FOR J=1 TO SS

92 TCJ>=CC—C(K+1)/AD%LOGCI-END) >~ C1/CK+13)
93 NEXT ]

04 REM ARRANG THE SAMPLE SIZE

05 FOR Qi=1 TO €S

06 FOR (Q2=(Q1+1> TO SS

07 IF TCQ2>>=TC(Q1> THEN 102

08 2=T(Q2)

00 TCQ2I=TCQ1D

100 TCQ13=Z

102 NEXT Q2

104 NEXT Q1

109 S3=0

110 Sd4=0

120 FOR I=1 TO N

130 S1=0

140 S2=0

145 R=INT{2%SS3)

150 REM FIND THE MLE OF K

190 2=K

101 B=(SS—-RI¥TCRI*(Z+1>%(LOG(T(RIII"2
102 D=(SS~RI¥T{R) “(Z+1I%LOG(T(R>?
103 F=(SS—RI¥T(RI"(Z+1)

200 A1=0

210 E=0

220 C=0

230 G6=0

270 FOR J=1 TO R

280 G=G+LOGCTC]J)

200 C=C+T( )" C(Z+134LOGCT(J>)

300 E=E+T{ ]2~ (Z+1)

310 A1=AL+T(Jd"CZ+12*CLOGCTCJ>30"2
3IE0 NEXT J

360 AZ=CCH+DI*(Z+1)=CE+F)

370 AB=G—CA/CZ+1D " 2MA2)

380 Ad=CA+BIN(Z+1>°2

300 AS5=2#( CCC+DI%(2+1>>—(E+F>>

400 AG=CA/CZ+1) 3D A4—AB)

410 AT=A3/A6

420 21=Z+A7

430 IF ABSCZ1-2><.001 THEN GOTO 460
440 Z=21

450 GOTO 191

460 FEM GHECYX IF THE MLE OF K EXIST
465 AA=0

470 BB=0

520 FOR JJ=1 TO R

530 AA=AA+CLOGCTCJJII) "2#TCJJI“C(Z1+1>
540 BB=BB+LOG(TCJJ]2>

590 NEXT JJ

600 Bi=2%0B

610 BBB=AA+(SS-RINT(R}"(Z1+1>#C(LOGC(T(R}>>"2
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620
630
640
550
660
670
680
690
693
700
710
720
730
740
TO0

IF AM(B1/BBB)THEN GO
PRINT X;" -
GOTO 730

MLE=2Z1

B=MLE-K

S3=53+B

S4=S4+B+B

NEXT I

REM CALCULATE THE MB
MB=S3/N

MSE=S4/N

PRINT K,SS,MB,MNSE
NEXT S8

TO 650
;SS; LLJ

AND MSE

MLE DOESNOT EXIST"

PRINT" mmmmmmmmmmw*s«**m***wm*mmmm**ﬂwmmm*w "

END
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NSECA

1 BPEM sojotooblokroibiotolol PROGRAN 5 solsiooloksorsotioiopoitionritit

4 REH THIS PROGRAM IS TO CALCULATE THE MB AND MSE

5 REM FOR THE MLE OF A AND K USING CENSORED SAMPLE

10 RANDOMIZE

20 INPUT"INPUT N K AND A“;N,K,A

30 PRINT "N= woNpt K=tpKp T A= AL R=INT(CO. 7E4SS) "

4O PRINT soictoioleioksokoisoiek sjotodoistoiololototiodoloiodokriiolojilok shesptrfesieriopo kit ONROHIOR
50 DIM TC1000)

70 PRINT" =8 NB(K) MSECK)

4

T4 PRINT" **M’k’k***&Ilﬂi>lol¢*WW**M*M**MM*M*********mﬁi‘***
77 FOR SS=10 TO 50 STEP 10

80 FOR J=1 TQ SS

81 TCJY=CC-C(K+1)/A*L0OGC1-RND)) " (1/C¢K+133

82 NEXT J

©1 FOR Q1=1 TO SS

92 FOR 02=(Q1+1> TO SS

03 IF TCQ2>>=T<{Q1> THEN o7

94 2ZZ=T(Q2>
05 TC(Q2>=TCQ1)
06 T(Q13X=222
07 NEXT Q2

08 NEXT 01

100
110
112
114
120
130
140
1485
146
160
170
200
210
220
230
270
280
220
300
310
350
387
430
440
441
442
d44
4485
446
447
450
438
460
463
470
473
478
480
484
483
487
490

£31=0
S41=0
S32=0
S4.2=0
FOR I=1 TO N
£1=0
S2=0
R=INTCO. 7TE#SSD
Z=K
D=(SS—RIWTCR) ~(Z+1>*LOGCTCR))D
F=CSS-RI¥TCRY~(Z+1)
A1=0
E=0
C=0
G=0
FOR J=1 TO R
G=G+LOGCTC JD>
C=C+TC ]3>~ CZ+1I4LOGCTC D
E=E+T( >~ CZ+1)
AT=AL+TCJ)~(Z+1I%CLOGCTC 3D 2
NEXT ]
Z1=CE+F)/CCC+D>— (G /RI*CE+F>>~1
IF ABS(21-2><.01 THEN 442
Z=21
GOTO 160
S6=0
MLE1=2Z1
FOR PF=1 TO R
S6=S6+TCPPY~(Z1+1)
NEXT PP
MLEZ=R*(Z1+1)/(S6+(SS-RI*(T(RY"(Z21+1>3>
HH=0
AB=0
AD=0
FOR P=1 TO SS
HH=HH+CLOGCTCPII) ~2%T(P>~(Z1+1)
AB=AB+LOGCTCP) I*TCF)~ (Z1+1)
AD=AD+T(P)~(Z21+1>
NEXT P
GG=C SS—R>%C(LOGCT(RI D>~ 2#T(RD " (Z1+1>
AC=CSS-RYMLOGCTCRY INTC(RY " (Z1+1)
AE=(SS-RI#T(R)"(Z1+1)
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493
498
496
500
620
630
640
650
5660
668
670
672
680
685
690
700
710
712
714
720
730
740

FE=CHH+GGI*((Z1+1072)

FY=2%C CAB+ACY#(CZ1+1)* 23 ~CAD+AE) >

FT=R#(FE~-FW)*(Z1+1)

FY=C CAB+ACY*#(Z1+1)~CAD+AED) "2
IF MLE2<{C(FT/FYXTHEN GO TO 680
PRINT X;"  ";A;" w88
GOTO 730

HNLE1=21

Bi=HLE1=K

B2=MLE2-A

831=531+B1

832=532+B2

S41=S41+B1%B1

S42=S42+B2%B2

NEXT 1

MB1=S31-N

MSE1=S41/N

MB2=S32~N

MSE2=S4 2N

PRINT SS,HMB1i,MSE1,MB2,MSE2

NEXT S

MLE DOESNOT EXIST"
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